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The voter model

@ Social graph with n users.
@ User i has opinion x;(t) at time t.

At the times of a Poisson process of parameter n, an user chosen uniformly
at random adopts the opinion of a random neighbour of them.

Consensus [Aldous and Fill, 2002]

If the network is finite and strongly connected, almost surely everyone
eventually agrees:
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Our framework

o Complete graph.
e Nj(t) := quantity of opinion-1 users at time t.

@ (sp,s1) stubborn agents: 0 < s; < npand 0 <sp < n—s.
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Our framework

o Complete graph.
e Nj(t) := quantity of opinion-1 users at time t.

@ (sp,s1) stubborn agents: 0 < s; < npand 0 <sp < n—s.

Long-term behaviour

Q sp > 0,51 = 0 = almost surely x;(t) — 0 for all i.
@ sp =0,s51 > 0 = almost surely x;(t) — 1 for all i.

Q sy > 0,51 > 0 = equilibrium state.
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Modelling

N1(t) describes a birth-and-death process over the state-space
{s1,...,n—sp}.

Transition rates:

G k-1 = (k—s1)(n—k)/(n—1)
Gik+1 = k(n—k —s0)/(n—1) (1)
Qk,k = —qk,k—1 — Gk, k+1-
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Distribution at time t

ny: quantity of opinion 1 at initialisation.

The event {Ny(t) = k} has probability
pnl,k(t) :=[etQ]n1,k- (2)
and
n—sp
ENy(t) = > kpny (t). (3)
k=s1
is the expected number of opinion-1 holders at time t.

Reference [Norris, 1997].
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Equilibrium

Long-term average

At equilibrium we expect a number

S1

E:Ni(t) = n——
1() n50+51

of opinion-1 holders.

s1/(so + s1): average opinion at equilibrium.
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Numerical simulations

(s0,51) = (20,25), m =75
N1(t)
mixing time

(50,51) = (20,25), m = 25

e Np(B)
----- mixing time

(s0,51) = (10,5), nm =75
= Ni(p)
— - mixing time

(s0,51) = (10,5), n1 =25

—3¢= Na(t)
=== mixing time
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n =100, ¢ = 1072, 1000 simulations.

A. Vendeville, B. Guedj, S. Zhou (

Voter model and elections prediction

July 5, 2021




Application to the prediction of elections result

Objective: predict the result of general elections (UK) and presidential
elections (US) based on previous ones.

Method: assume result of previous elections are a realisation of the voter
model with stubborn nodes, estimate parameters and predict future
elections via Theorem 1.

Data: [UK] percentage of popular votes for Labour and Conservative
parties in each general election since 1922.

[US] percentage of popular votes for Democratic and Republican parties in
each presidential election since 1912.
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Choose a € {Labour, Conservative, Democratic, Republican}.
x: percentage of votes for party a in the ith election, rounded to the
nearest integer.

— How to predict x7 knowing x3,...,x7 ;7
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Choose a € {Labour, Conservative, Democratic, Republican}.
x: percentage of votes for party a in the ith election, rounded to the
nearest integer.

— How to predict x7 knowing x3,...,x7 ;7

Forecast of election i

Assume x3,...,x7 ; to be a realisation of the voter model with stubborn
agents with n = 100 nodes. If we can estimate the values of the
parameters (sp, s1) we get the theoretical distribution of x7.
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Parameters estimation

Maximum-likelihood (i > 3)

i—2
50,5
(5.51) = argmax Y. log (P (6141 — 1) (4)
50,51 J:]- S
piiofal) (tj+1 — tj) probability that the voter process with parameters
G

(s, s1) equals x7,1 at time t;,1 knowing it equaled x? at time ;.

Searches for parameters that maximise the probability of the (known)
results for elections 1,...,/ — 1.
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Predictions result
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Predictions accuracy
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Mean average error in predictions: 4.74%
Predict last result: 5.03%
Tumasjan et al. [2011] 1.65%, Saleiro et al. [2016] 0.63%
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Discussion and future research

@ Other methods have better results...
@ ... but (sj,s7) is valuable information on the political landscape.

@ Opinion manipulation: add/remove stubborn nodes into a community
to reach target average opinion Ex/n.

@ Non-complete user graphs?
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