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Original Model

Setting

social network

N users

individual opinions in t0, 1u

Dynamics

Wait ∆t „ ExppNq, then an user chosen uniformly at random adopts the
opinion of a random neighbour of them. Repeat.

A. Vendeville, B. Guedj, S. Zhou (UCL) Voter model and applications 7th January 2022 4 24



Original Model

Setting

social network

N users

individual opinions in t0, 1u

Dynamics

Wait ∆t „ ExppNq, then an user chosen uniformly at random adopts the
opinion of a random neighbour of them. Repeat.

A. Vendeville, B. Guedj, S. Zhou (UCL) Voter model and applications 7th January 2022 4 24



Long-time behaviour

Consensus [Aldous and Fill, 1994]

If the network is finite and strongly connected, almost surely everyone
eventually agrees.

Why?
N1ptq: quantity of opinon-1 users at time t . Absorbed in 0 and n.
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Voter Model with Zealots

Framework

Complete graph.

N1ptq: quantity of opinion-1 users at time t .

pz0, z1q zealots.

Long-time behaviour

1 z0 ą 0, z1 “ 0 ñ almost surely everyone eventually has opinion 0.

2 z0 “ 0, z1 ą 0 ñ almost surely everyone eventually has opinion 1.

3 z0 ą 0, z1 ą 0 ñ equilibrium state.

We assume z0 ` z1 ą 0.
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Example

t=0 t=5 t=10 t=15

0-zealot

opinion-0

opinion-1

t=0 t=5 t=10 t=12

0-zealot

1-zealot

opinion-0

opinion-1
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Equilibrium (1)

Distribution of N1ptq

At equilibrium,

N1ptq „ Bin
ˆ

N,
z1

z0 ` z1

˙

(1)

and thus
EN1ptq “ N

z1

z0 ` z1
. (2)

Average opinion of the society

We call z1{pz0 ` z1q the average equilibrium opinion.
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Equilibrium (2)

These results hold on expectation for any connected graph where
zealots are placed uniformly at random.
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Numerical simulations
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N “ 100, z0 “ 20, z1 “ 40. Averaged over 500 simulations.
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Problem Presentation (1)

Context: network with z0 ą 0, z1 “ 0 (polarised community).

Goal: get the average equilibrium opinion as close to a target
λ P r0, 1s as possible.

Method: we can inject zealots with opinion 1 into the network.

Backfire effect

The injection of z‹1 zealots with opinion 1 entices the radicalisation of
αz‹1 free users into zealots with opinion 0.
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Problem Presentation (2)

Average opinion after backfire

f pz0, z1,αq “
z1

z1 ` pαz1 ` z0q
looooomooooon

updated z0
after backfire

(3)

Optimisation problem

argmin
z1

|f pz0, z1,αq ´ λ|2 (4)

s.t. z1 ` pαz1 ` z0q
looooomooooon

updated z0
after backfire

ď N (5)
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Results

N “ 100. Objective value (top) and optimal z‹1 (bottom) function of z0.
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Possible extensions

More precise results for various graph structures

Placement of zealots in the graph

Optimisation with penalty for more flexibility

Maximise magnetisation to encourage exposure to opposite views
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Framework

Objective: predict the result of general elections (UK) and presidential
elections (US) based on previous ones.

Method: assume result of previous elections are a realisation of the
voter model with zealots, estimate parameters and predict future results.

Data: [UK] percentage of popular votes for Labour and Conservative
parties in each general election since 1922.
[US] percentage of popular votes for Democratic and Republican parties
in each presidential election since 1912.
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Theoretical Tool

Distribution over time

Assuming s ă t and a complete user graph,

P pN1ptq “ kt |N1psq “ ksq “ rept´sqQsks,kt (6)

where Q is the tridiagonal transition rate matrix with entries as below.

Entries of Q:
$

’

&

’

%

qk ,k´1 “ pk ´ z1qpN ´ kq{pN ´ 1q

qk ,k`1 “ kpN ´ k ´ z0q{pN ´ 1q

qk ,k “ ´qk ,k´1 ´ qk ,k`1.

(7)
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Method

Choose p P {Labour, Conservative, Democratic, Republican}.
xp

i : percentage of votes for party p in the i th election, rounded to the
nearest integer.

How to predict xp
i knowing xp

0 , . . . , x
p
i´1?

Forecast of election i

Assume xp
0 , . . . , x

p
i´1 to be a realisation of the voter model with stubborn

agents with N “ 100 nodes. We estimate the values of the parameters
pz0, z1q which gives us the theoretical distribution of xp

i for the next
election via (6).
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A few remarks

Predictions party by party.

xp
0 , . . . , x

p
i´1 [data] ÐÑ N1p0q, . . . ,N1pti´1q [theory]

z1: guaranteed percentage of votes for party p

z0: guaranteed percentage of votes against p
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Parameters estimation

Maximum-likelihood for results up until election i ě 3

pz‹0 , z
‹
1q “ argmax

z0,z1

i´2
ÿ

j“1

log reptj`1´tjqQsxp
j ,x

p
j`1

(8)

reptj`1´tjqQsxp
j ,x

p
j`1

: probability that the voter process with parameters

pz0, z1q equals xp
j`1 at time tj`1 knowing it equaled xp

j at time tj .

Searches for parameters that maximise the probability of the (known)
results for elections 1, . . . , i ´ 1.
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Predictions result

1920 1940 1960 1980 2000 2020
Year

0

20

40

60

80

100

Po
pu
la
r
vo
te
sh
ar
es
fo
r
La
bo
ur
(%
)

Prediction
Reality±5%Lab.

1920 1940 1960 1980 2000 2020
Year

0

20

40

60

80

100

Po
pu
la
r
vo
te
sh
ar
es
fo
r
Co
ns
er
va
tiv
e
(%
)

Prediction
Reality±5%Cons.

1920 1940 1960 1980 2000 2020
Year

0

20

40

60

80

100

Po
pu
la
r
vo
te
sh
ar
es
fo
r
D
em
oc
ra
ts
(%
)

Prediction
Reality±5%Dem.

1920 1940 1960 1980 2000 2020
Year

0

20

40

60

80

100

Po
pu
la
r
vo
te
sh
ar
es
fo
r
Re
pu
bl
ic
an
s
(%
)

Prediction
Reality±5%Rep.

A. Vendeville, B. Guedj, S. Zhou (UCL) Voter model and applications 7th January 2022 22 24



Predictions accuracy

United Kingdom
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Discussion and possible extensions

pz‹0 , z
‹
1q is valuable information on the political landscape

Need more data (polls between elections?)

Optimisation also on time parameter

Equilibrium instead of dynamics analysis
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